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Twisted conformal algebra related to κ-Minkowski space
Stjepan Meljanac,1, ∗ Anna Pacho l,2, † and Danijel Pikutic´1, ‡
1Rudjer Bosˇkovic´ Institute, Bijenicˇka c.54, HR-10002 Zagreb, Croatia
2Dipartimento di Matematica ”Giuseppe Peano”,
Universita degli Studi di Torino, Via Carlo Alberto, 10 - 10123 Torino, Italy
Twisted deformations of the conformal symmetry in the Hopf algebraic framework are constructed.
The first one is obtained by Jordanian twist built up from dilatation and momenta generators. The
second is the light-like κ-deformation of the Poincare´ algebra extended to the conformal algebra,
obtained by twist corresponding to the extended Jordanian r-matrix. The κ-Minkowski spacetime
is covariant quantum space under both of these deformations. The extension of the conformal
algebra by the noncommutative coordinates is presented in two cases, respectively. The differen-
tial realizations for κ-Minkowski coordinates, as well as their left-right dual counterparts, are also
included.
PACS: 11.25.Hf, 16T05, 17B37, 17B81.
I. INTRODUCTION
The conformal symmetry is considered as the fundamental symmetry of spacetime. Even though it cannot describe
massive particles and fields, many high-energy physics theories admit the conformal symmetry. It also includes two
fundamental geometries - Poincare´ and de Sitter - as subcases. The conformal algebra c consists of the Lorentz
generatorsMµν , translations Pµ, dilatations D (which generate scaling transformations) and generators of the special
conformal transformations Kµ. The metric tensor on the d-dimensional spacetime we denote as gµν (it does not need
to be in the diagonal form, it only has to be symmetric and non-degenerate). The commutation relations of the
conformal algebra c for d > 2 (for example for d = 4 we deal with c = so(2, 4)), including the standard Poincare´ ones,
are the following:
[Mµν ,Mρσ] = i (gµσMνρ + gνρMµσ − gµρMνσ − gνσMµρ) ,
[Mµν , Pρ] = i (gνρPµ − gµρPν) ,
[D,Kµ] = −iKµ, [D,Pµ] = iPµ,
[Kµ, Pν ] = 2i(gµνD −Mµν), [Kµ,Mνρ] = i(gµνKρ − gµρKν),
[Kµ,Kν ] = 0, [Mµν , D] = 0, [Pµ, Pν ] = 0
(1)
Together with the rise of the interest in the deformations of relativistic symmetries of spacetime [1, 2] the quantum
deformations of the conformal algebra have been investigated already in the 90’s [3]-[10]. After the introduction of the
κ-deformed Poincare´ algebra (withMµν and Pµ as its generators) with the dimensionfull deformation parameter κ, the
same classical r-matrix as in [1] (r = i
κ
M0ν ∧P
ν with special choice of the basis for which the metric tensor is g00 = 0)
was used in the quantum deformation of Poincare´-Weyl algebra [4]. Also, the deformations of the full D = 4 conformal
symmetries were introduced [5, 6], corresponding to the standard (i.e. time-like) version of the κ−deformation. The
so-called null-plane (light-cone) deformation of Poincare´ algebra [7] has been extended as well to the deformation of
Poincare´-Weyl group [8] and to conformal group [9] as well. All of the above mentioned deformations of conformal
symmetry were corresponding to the κ-Minkowski spacetime noncommutativity: [xˆµ, xˆν ] = i(aµxˆν − aν xˆµ) in either
time-like aµaµ < 0, space-like a
µaµ > 0 or light-like a
µaµ = 0 cases. The deformation parameter κ enters via
aµ = 1
κ
τµ, with τ2 ∈ {−1, 0, 1} for the metric tensor with Lorentzian (mostly positive) signature.
Since the Poincare´-Weyl and conformal algebras contain dilatation D as additional generator, one can also consider
another classical r-matrix, r = i
κ
D∧P0, as internal one for these algebras and the corresponding quantum deformations.
For example in [10] the so-called Jordanian deformations of the conformal algebra (together with Anti de Sitter and
de Sitter ones) were considered. One should also mention that the same (time-like) Jordanian r-matrix was also used
in the twisted deformation of the Poincare´-Weyl algebra [11] as well as in the twisting of the inhomogeneous general
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2linear algebra [12] together with some applications found in field and gauge theories [13, 14]. A large class of Abelian
twists related to twisted statistics in κ-Minkowski spacetime was considered in [15].
For the conformal algebra the twist type of the deformation was firstly considered in the Moyal-Weyl case [16]
related with the Abelian classical r-matrix, r = iθµνPµ ∧ Pν , corresponding to the constant-noncommutativity of
the spacetime coordinates [xˆµ, xˆν ] = iθµν . The θ-deformation of the conformal algebra found some applications in
noncommutative field theories, see e.g. [17] and has been extended also to deformation of the superconformal algebra
[18] as well.
Recently, the Jordanian deformations have gained in popularity in the applications in AdS/CFT correspondence
as some of the deformations of the Yang-Baxter sigma models were shown to preserve the integrability [19, 20].
The Jordanian deformations related with the classical r-matrices (satisfying the classical or modified Yang-Baxter
equation) were applied to the AdS part of the correspondence principle [21]. The κ-Minkowski spacetime was also
considered in this context in [22].
Our aim in this paper is to present the quantum deformations of the conformal algebra which are described by the
classical r-matrices satisfying classical Yang-Baxter equation (CYBE). For such cases the Drinfeld twists (satisfying
the cocycle condition) provide explicitly the star-product in the algebra of spacetime coordinates. We are interested
in the Jordanian κ-deformation of the conformal symmetry and the light-like κ-deformation of the Poincare´ algebra
extended to the conformal algebra which will correspond to Jordanian and extended Jordanian r-matrices, respectively.
The deformed conformal algebra is considered as Hopf algebra with twisted coproducts and antipodes. Conformal
invariance is compatible with the κ-Minkowski spacetime which constitutes the covariant quantum space under both
of these deformations.
The paper is organized as follows. We start, in Sec. II, with recalling the basics of the twist deformations and the
conditions for noncommutative spacetime covariance with respect to the twisted symmetries. In Sec. III we consider
the Jordanian twist [11, 23] in the covariant form [24] providing, for the metric with Lorentzian signature, three kinds
(time-, light- and space-like) of deformations of the conformal algebra depending on the type of the vector aµ. The
twisted coalgebra sector is presented together with the corresponding κ-Minkowski spacetime realization consistent
with the Hopf-algebraic actions. Later, in Sec. IV, we investigate another twist [25–27] related by transposition to
the so-called extended Jordanian twist [28, 29]. The twist is built from only Poincare´ generators, therefore it provides
the extension of the light-like κ-deformation of the Poincare´ algebra to the conformal algebra. For the Poincare´
subalgebra, the a2 = 0 deformation reduces to the null-plane deformation of [7, 29]. The realization for κ-Minkowski
coordinates is also presented. In both cases, in Sec. III and IV, we include the cross-commutation relations between
the conformal algebra generators and the noncommutative coordinates. Also, the so-called left-right dual κ-Minkowski
realizations are constructed from the transposed twists in sections III and IV, respectively. The last section concludes
the paper with some remarks.
II. TWIST DEFORMATIONS OF THE CONFORMAL ALGEBRA
The twist deformation framework of spacetime symmetries requires us to deal with the Hopf algebras instead of
Lie algebras corresponding to the given symmetry. To introduce this notion, we need to extend the Lie algebra (we
are interested in the conformal algebra c described by (1)) into the universal enveloping algebra U (c) which can be
equipped with the Hopf algebra structures on its generators L = {Mµν , Pµ, D,Kµ} in the following standard way:
coproduct: ∆ (L) = L⊗ 1 + 1⊗ L (2)
counit : ǫ (L) = 0 (3)
antipode: S (L) = −L. (4)
The above maps are then extended to the whole U (c). Such undeformed Hopf algebra can be seen as the conformal
symmetry of the usual Minkowski spacetime in the algebraic form given by an Abelian algebra of coordinate functions
xµ ∈ A, which is itself a subalgebra of undeformed Heisenberg algebra H :
[xµ, xν ] = 0 (5)
[xµ, Pν ] = iδ
µ
ν (6)
[Pµ, Pν ] = 0 (7)
The conformal algebra has the following representation:
Mµν = −xµP ν + xνPµ
D = x · P
Kµ = 2xµ(x · P )− x2Pµ = xµD + xαM
αµ
(8)
3where Pµ = gµνPν . In general the compatibility of the spacetime with its symmetry in this “algebralized” setting is
via the action H⊗A → A of the Hopf algebra H on the spacetime (module) algebra A such that
L ⊲ (f · g) = µ [∆(L)(⊲⊗ ⊲)(f ⊗ g)] . (9)
The multiplication in the module algebra µ : A ⊗ A → A is compatible1 with the coproduct in the Hopf algebra
∆: H → H⊗H and L (1) = ǫ(L) · 1, 1 (f) = f for L ∈ H and f ∈ A.
One can easily check that the above condition (9) is satisfied for the undeformed spacetime described by Abelian
algebra (5) and the conformal Hopf algebra (1) with (2-4) as its symmetry and the condition reduces to the usual
Leibniz rule:
L ⊲ (xµ · xν) = (L ⊲ xµ)xν + xµ (L ⊲ xν) , L = {Mµν , Pµ, D,Kµ} (10)
for any of the generators of the conformal algebra due to (2).
For the deformation we will use the (Drinfeld) twist technique which will provide the deformation of the universal
enveloping algebra of the conformal algebra U (c) as Hopf algebra H =(U (c) ,∆, ǫ, S) . The twist F is, in general, an
invertible element of H⊗H satisfying cocycle and normalization conditions:
(F ⊗ 1)(∆⊗ id)F = (1⊗F)(id⊗∆)F , (11)
(id⊗ ǫ)F = (ǫ ⊗ id)F = 1⊗ 1. (12)
One gets the new Hopf algebra structure HF =
(
U(c),∆F , ǫ, SF
)
via modifying the coproduct and antipode maps in
the following way:
∆F (L) = F∆(L)F−1, L ∈ H
ǫ(L) = 0, SF(L) = fαS(fα)S(L)S (¯f
β )¯fβ .
(13)
Here we use the short notation for the twist as: F = fα ⊗ fα, F
−1 = f¯α ⊗ f¯α. Both of the twisted deformations
considered in this paper will be compatible with the κ−Minkowski spacetime with the defining commutation relations
as:
[xˆµ, xˆν ] = i (aµxˆν − aν xˆµ) (14)
This algebra will constitute the module algebra over the deformed conformal Hopf algebra, i.e. it is its covariant
quantum space.
The cocycle condition (11) for the twist guarantees the co-associativity of the deformed coproduct ∆F and also
associativity of the corresponding twisted star-product in the twisted module algebra AF (A, µ⋆):
f ⋆ g = µ⋆ (f ⊗ g) = µ ◦ F
−1(⊲⊗ ⊲)(f ⊗ g) = (¯fα ⊲ f) · (¯fα ⊲ g) (15)
for f, g ∈ A. Additionally, to a given twist we can associate the so-called realization of noncommuting coordinate
functions as follows:
xˆµ = µ
[
F−1 (⊲⊗ 1) (xµ ⊗ 1)
]
= (¯fα ⊲ xµ) · f¯α , x
µ ∈ A (16)
For the twisted case the compatibility between the deformed coproduct ∆F and the ⋆-product in the module algebra
is analogous to (9):
L ⊲ (µ⋆(f ⊗ g)) = µ⋆
(
∆F (L) (⊲⊗ ⊲) (f ⊗ g)
)
(17)
In the literature this condition is known under twisted covariance and for example it was investigated in more detail
in the context of the conformal algebra undergoing the Moyal-Weyl deformation with theta-deformed spacetime [16].
The covariance under twisted symmetry was firstly proved in [2] for the Moyal-Weyl deformation of the Poincare´
symmetry and theta-spacetime. In the Hopf algebraic framework when the noncommutative spacetimes are Hopf
modules and their deformed symmetry is the Hopf algebra, the condition of covariance is automatically satisfied via
the requirements (9) and (17).
1 It is also common to re-write the condition (9) as L ⊲ (f · g) = (L(1) ⊲ f) · (L(2) ⊲ g) where Sweedler notation for the coproduct is used
∆(L) = L(1) ⊗ L(2).
4III. JORDANIAN DEFORMATION OF THE CONFORMAL ALGEBRA
We can deform the conformal Hopf algebra U(c) (1, 2, 3, 4) with the Jordanian twist [11, 23, 24, 27]:
FJ = exp [i ln(1− a · P )⊗D] (18)
where a · P = aµPµ. The corresponding classical r-matrix is r = ia
µD ∧ Pµ. For the metric with the Lorentzian
signature we can distinguish here three cases when vector aµ can be either time-like, light-like or space-like, nevertheless
the formulae presented below are valid for arbitrary, symmetric and non-degenerate metric.
For simplicity, we introduce the shortcut notation Z = 1− a · P .
The algebra relations (1) and counits (3) stay undeformed. The deformed coproducts are:
∆FJ (Pµ) = Pµ ⊗ 1 + Z ⊗ Pµ (19)
∆FJ (Mµν) = ∆(Mµν)− (aµPν − aνPµ)Z
−1 ⊗D (20)
∆FJ (D) = D ⊗ 1 + Z−1 ⊗D (21)
∆FJ (Kµ) = Kµ ⊗ 1 + Z
−1 ⊗Kµ
+ 2[aαMαµ + aµD]Z
−1 ⊗D
− [2aµ(a · P ) + a
2Pµ]Z
−2 ⊗ iD(iD + 1) (22)
And the deformed antipodes:
SFJ (Pµ) = −Z
−1Pµ (23)
SFJ (Mµν) = −Mµν − (aµPν − aνPµ)D (24)
SFJ (D) = −ZD (25)
SFJ (Kµ) = −Z{Kµ − 2[a
αMαµ + aµD]D
+ [2aµ(a · P ) + a
2Pµ]iD(iD + 1)} (26)
The corresponding covariant quantum spacetime is the κ-Minkowski one (14) with the realization for coordinates
given via (16) as:
xˆ
µ
J = µ
[
F−1J (⊲⊗ 1)(x
µ ⊗ 1)
]
= xµ − aµD = xµ − aµ(x · P ) (27)
It is called right covariant realization [31, 32], and commutators with generators of the conformal algebra are:
[Pµ, xˆνJ ] = −i(g
µν − aνPµ)
[D, xˆµJ ] = −ix
µ
[Mµν , xˆλJ ] = i(x
µgνλ − xνgµλ)
[Kµ, xˆνJ ] = i(2x
2gµν − xµxν − aνKµ)
(28)
where
xµ = xˆµJ + a
µD (29)
Note that the commutators are closed in the conformal algebra and noncommutative coordinates xˆµJ .
The spacetime algebra (14) obtained via (15) is invariant under the twisted conformal transformations which can
be seen from action of the conformal symmetry generators on the algebra of functions of κ-Minkowski coordinates,
i.e. via the compatibility condition (17). One can check that indeed:
L ⊲
[
µ ◦ F−1J (⊲⊗ ⊲)(x
µ ⊗ xν − xν ⊗ xµ)
]
= L ⊲ [i (aµxν − aνxµ)] (30)
the twisted case of the Leibniz rule is satisfied for any of the generators L = {Mµν , Pµ, D,Kµ}.
Transposed twist F˜J = τ0FJτ0 is obtained from FJ by interchanging left and right side of tensor product (i.e.
τ0(a ⊗ b) = b ⊗ a), and it is also a Drinfeld twist satisfying cocycle (11) and normalization condition (12). A set of
left-right dual generators of κ-Minkowski space can be obtained from transposed twist:
yˆ
µ
J = µ
[
F˜J
−1
(⊲ ⊗ 1)(xµ ⊗ 1)
]
= xµ(1− a · P ) (31)
5Generators yˆµJ satisfy κ-Minkowski algebra with aµ → −aµ:
[yˆµJ , yˆ
ν
J ] = −i(a
µyˆνJ − a
ν yˆ
µ
J ) (32)
and they commute with generators xˆµJ :
[xˆµJ , yˆ
ν
J ] = 0 (33)
IV. LIGHT-LIKE κ−DEFORMATION OF POINCARE´ ALGEBRA EXTENDED TO THE CONFORMAL
ALGEBRA
For the purpose of this section we consider the metric tensor with Lorentzian signature and use mostly positive sign
convention, i.e. gµν = diag(−,+,+, ...,+). We deform the conformal Hopf algebra U(c) (1, 2, 3, 4) with the twist
FLL leading to light-like κ-deformation of Poincare´ algebra [14, 25, 27, 29] (which is related to extended Jordanian
twist [28],[30])2:
FLL = exp
[
−iaαPβ
ln(1 + a · P )
a · P
⊗Mαβ
]
(34)
Above twist satisfies the cocycle condition (11) [27] with the light-like vector aµ [25, 27] and the classical r-matrix is
r = aµMµν ∧ P
ν . We also introduce the following notation:
Z˜ =
1
1 + a · P
, mµ = a
αMαµ (35)
Coproducts:
∆FLL (Pµ) = ∆ (Pµ) +
[
Pµa
α − aµ
(
Pα +
1
2
aαP 2
)
Z˜
]
⊗ Pα (36)
∆FLL (Mµν) = ∆ (Mµν) + (δ
α
µaν − δ
α
ν aµ)
(
P β +
1
2
aβP 2
)
Z˜ ⊗Mαβ (37)
∆FLL (mα) = ∆ (mα) + aµ
(
Pα +
1
2
aαP 2
)
Z˜ ⊗mα (38)
∆FLL (D) = ∆ (D)− PαZ˜ ⊗m
α (39)
∆FLL (Kµ) = Kµ ⊗ 1 +
[
δαµ + Pµa
α − aµ
(
Pα +
1
2
aαP 2
)
Z˜
]
⊗Kα
+
{[
2
(
aµ(iD + Z˜)− imµ
)
Pα + iMµ
α
]
− 2Dgµα
}
⊗mα
+
[
iPµg
αβ − 2i(δαµ − aµP
αZ˜)P βZ˜
]
⊗mαmβ (40)
Antipodes:
SFLL(Pµ) = −
[
Pµ + aµ
(
Pα +
1
2
aαP 2
)
Pα
]
Z˜ (41)
SFLL(Mµν) = −Mµν − (δ
α
µaν − δ
α
ν aµ)
(
Pβ +
1
2
aβP
2
)
Mαβ (42)
SFLL(mµ) = −mµ − aµ
(
Pα +
1
2
aαP 2
)
mα (43)
SFLL(D) = −Z˜−1D (44)
2 The explicit relation between the twist (34) and the standard extended Jordanian twist corresponding to light-like case (up to the
transposition) is presented in detail in sect. VIII B in ref. [27]
6SFLL(Kµ) = −
[
δγµ + P
γaµ − aγ
(
Pµ +
1
2
aµP
2
)
Z˜
]
×
×
{
Kγ +
[
2
(
aγ(iD + Z˜)− imγ
)
Pα + iMγ
α
]
S(mα)− 2DS(mγ)
+iPγS(m
2)− 2i
(
δαγ − aγP
αZ˜
)
P βZ˜S(mαmβ)
}
(45)
In this case, the realization (16) is given as:
xˆ
µ
LL = µ
[
F−1LL(⊲⊗ 1)(x
µ ⊗ 1)
]
= xµ + aαM
αµ = xµ(1 + a · P )− (a · x)Pµ (46)
It corresponds to the natural realization of κ-Minkowski space [31, 32]. Commutators with generators of the conformal
algebra are:
[Pµ, xˆνLL] = −i [g
µν(1 + a · P )− aµP ν ]
[D, xˆµLL] = −ix
µ
[Mµν , xˆλLL] = i(xˆ
µ
LLg
νλ − xˆνLLg
µλ − aµMνλ + aνMµλ)
[Kµ, xˆνLL] = i(2x
2gµν − xµxν + aµKν − gµν(a ·K))
(47)
where
xµ = xˆµLL − aαM
αµ (48)
Note that, like in Jordanian case, above commutators (47) are also closed in the conformal algebra and noncommutative
coordinates xˆµLL.
Let us also comment on the fact that even though the above twist (34) is written in a covariant form (valid for the aµ
as time-, light- and space-like vector) it satisfies the cocycle condition (11) only for the light-like case, a2 = 0 [25, 27].
Therefore, only in this case it corresponds to an associative star-product (15) of κ-Minkowski coordinates (14). The
two remaining cases (time- and space-like) lead to a deformations of κ-Snyder type with non-associative star product.
Again, one can easily check that the noncommutative spacetime (14) is invariant under this twisted conformal
symmetry via analogous condition as (30) in section III:
L ⊲
[
µ ◦ F−1LL(⊲⊗ ⊲)(x
µ ⊗ xν − xν ⊗ xµ)
]
= L ⊲ [i (aµxν − aνxµ)] (49)
Transposed twist F˜LL = τ0FLLτ0 is obtained from FLL by interchanging left and right side of tensor product, and
it is also a Drinfeld twist satisfying cocycle (11) and normalization condition (12). A set of left-right dual generators
of κ-Minkowski space can be obtained from transposed twist:
yˆ
µ
LL = µ
[
F˜−1LL(⊲ ⊗ 1)(x
µ ⊗ 1)
]
= xµ + (a · x)Pµ − aµ
(
D +
a · x
2
P 2
)
Z˜ (50)
Generators yˆµLL satisfy κ-Minkowski algebra with aµ → −aµ:
[yˆµLL, yˆ
ν
LL] = −i(a
µyˆνLL − a
ν yˆ
µ
LL) (51)
and they commute with generators xˆµLL:
[xˆµLL, yˆ
ν
LL] = 0 (52)
Realizations yˆµJ and yˆ
µ
LL cannot be expressed in terms of x
µ and generators of conformal algebra (whereas realizations
xˆ
µ
J and xˆ
µ
LL are expressed in terms of these generators).
Note that xˆµJ (eq.(27)) and xˆ
µ
LL (eq.(46)) are different realizations of κ-Minkowski space xˆ
µ
J 6= xˆ
µ
LL, related by
similarity transformation. There is also another point of view, so that, for a2 = 0, xˆµJ and xˆ
µ
LL can be identified,
but generators xµ and generators of conformal algebra have different realizations in two cases (sections III and IV),
related by similarity transformation. In this case, let us denote as (xµJ , P
µ
J ) and (x
µ
LL, P
µ
LL) two pairs of commutative
coordinates and momenta, each satisfying undeformed Heisenberg algebra (5)-(7), which are related by similarity
transformation:
P
µ
J =
(
P
µ
LL +
aµ
2
P 2LL
)
Z˜LL (53)
P
µ
LL =
(
P
µ
J −
aµ
2
P 2J
)
Z−1J (54)
7x
µ
J = [x
µ
LL + a
µ(xLL · PLL)] Z˜
−1
LL − (a · xLL)
(
P
µ
LL +
aµ
2
P 2LL
)
(55)
x
µ
LL = [x
µ
J − a
µ(xJ · PJ)]ZJ + (a · xJ )
(
P
µ
J −
aµ
2
P 2J
)
(56)
where
ZJ ≡ 1− a · PJ =
1
1 + a · PLL
≡ Z˜LL. (57)
Hence, xˆµ = xµJ−a
µ(xJ ·PJ ) = x
µ
LL(1+a·PLL)−(a·xLL)P
µ
LL and two sets of conformal generators, {P
µ
J ,M
µν
J , DJ ,K
µ
J }
and {PµLL,M
µν
LL, DLL,K
µ
LL}, are related by similarity transformation.
V. CONCLUDING REMARKS
We have presented the two different κ-deformations of the conformal symmetry within the Drinfeld twist framework.
Both twists provide the κ-Minkowski star product, therefore the κ-Minkowski spacetime stays covariant under the
twisted conformal symmetries. Thanks to the twist, we are also able to obtain the differential realization for the
noncommutative coordinates. The extension of the conformal algebra by the noncommutative coordinates is also
presented and it includes the deformed phase space (deformed Heisenberg algebra) as subalgebra. For alternative
point of view, where the phase space stays undeformed but the realizations of the conformal algebra generators are
modified, see e.g. [33]. Additionally, we have constructed, from transposed twists, another set of realizations satisfying
the κ-Minkowski relations (with aµ → −aµ). Both of the deformations presented in this paper (Jordanian and extended
Jordanian) provide the so-called triangular deformation as the corresponding classical r-matrices satisfy the classical
Yang-Baxter equation. Interestingly, the Jordanian and extended Jordanian deformations can be generated by other
(than already mentioned) classical r-matrices. One can notice that the form of the conformal algebra (1) does not
change if we exchange the generators (see also similar comment in [6]) in the following way:
Pµ → Kµ, Kµ → Pµ, D → −D, κ→
1
κ˜
(58)
This allows us, to distinguish yet another classical r-matrix for the conformal algebra (besides for example the one
investigated in Sec. III for the Jordanian case r = iaµD ∧ Pµ), i.e.: r = −ia˜
µD ∧ Kµ with a new deformation
parameter κ˜ and a˜µ = κ˜2aµ. Such r-matrix is satisfying the classical Yang-Baxter equation and the classical limit is
obtained for κ˜ → 0 (which corresponds to κ → ∞). The new Jordanian twist (18) with (58) for any a˜µ will satisfy
the cocycle condition (11) as well. Formal expressions for the twisted deformation of coproducts and antipodes in(
U (c) ,∆F , ǫ, SF
)
(as twisted conformal Hopf algebra) generated by this r-matrix will stay the same up to (58).
One way for interpreting the exchange in the deformation parameter κ→ 1
κ˜
(related with aµ → a˜µ as above) could
be the following. Instead of considering the minimal length, as it happens when introducing the noncommutative
coordinates xˆµ, we should consider the minimal momentum and introduce the noncommutative momenta pˆµ. This
way the κ˜-deformation would appear in the momentum space [pˆµ, pˆν ] = i(a˜µpˆν− a˜ν pˆµ) instead of (14). Other physical
consequences of such exchange are still an open issue.
Nevertheless, the deformations of the conformal symmetry introduced in this paper can be of interest in many
physical applications. For example, the Jordanian deformations are also appearing in the context of AdS/CFT
correspondence [21, 22], therefore the corresponding deformations of the conformal field theory part in the twisted
framework could be of interest as well. Another point to consider would be, for example, the extension of the
deformations introduced in this paper to the supersymmetric case, as it was already considered for the Moyal-Weyl
deformation of the conformal superalgebra [18]. Additionally extending the presented framework into the Hopf
algebroid language [24] would allow to introduce yet another example for the twisted deformation of Hopf algebroids
as well. Also, the deformations of the conformal symmetry presented here could be considered as a starting point
in the study on deformed (noncommutative) cosmology. Recently a short review on models of the inflating Universe
based on conformal symmetry was presented [34]. The straightforward way to make them noncommutative would
be to introduce the star-product (15) related with the twists in the conformally invariant actions corresponding to
different models. This way one could investigate, for example, if introducing the deformation parameter (as quantum
gravity scale) would have any influence on the scale-invariance of the power spectrum of the scalar perturbations.
Our results, however, provide only the starting point for such investigations.
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